
39

2015 ACTA UNIVERSITATIS CAROLINAE PAG. 39–53 
 PHILOSOPHICA ET HISTORICA 1 / MISCELLANEA LOGICA X

BIRKHOFF’S AESTHETIC MEASURE

VERONIKA DOUCHOVÁ*
Dept. of Logic, Faculty of Arts, Charles University in Prague 
* E-mail: veronika.douchova@centrum.cz

ABSTRACT
In this paper, we review and critically evaluate George D. Birkhoff ’s work concern-
ing formalisation of aesthetics, as it appeared in his book Aaesthetic Measure from
1933, and discuss its influence on further research in the field. In the book, Birkhoff
defines an aesthetic measure M of an art object as the ratio between its order and
complexity, or more generally a function f of this ratio: M = f (O

C ), where O stands
for order and C for complexity. The specific definitions of O and C depend on the
type of the analysed object. Birkhoff applied the formula to multiple classes of ob-
jects (e.g. vases, music, or English poetry) and calculated the aesthetic measure for
many art objects from these classes.
We give an example of Birkhoff ’s analysis using polygons, and we further discuss to
what extent the ordering of the polygons (or other objects) according to the result-
ing measures can be used, or interpreted, as an ordering according to a degree of
aesthetic preference.
We also include an extensive bibliography, supplemented by a critical discussion of
the influence of Birkhoff ’s work on further research.
Keywords: aesthetic measure, information complexity, theory of information, ratio-
nal aesthetics, information aesthetics

1. Introduction

In his book Aesthetic measure [Bir33], Birkhoff defines an aesthetic measure and ap-
plies it to several types of objects with different modes of perception – visual, including
3D objects, and auditory (music, poetry). The measure is defined in relation to the effort
which the object demands of the perceiver (complexity), and the pleasing or displeasing
features which can be recognised in the object (order).

George David Birkhoff (1884–1944) was a distinguished mathematician, who worked
predominantly in the fields of algebra, dynamic systems and number theory. He is best
known for his proof of the general form of the Poincare-Birkhoff theorem (1913), for his
book Dynamic Systems (1927), or for his proof of characterisation of monoids (1935).

Aesthetic Measurewas published in 1933, but some of the results were presented earlier
on conferences and in papers (starting from 1928). In the introduction to [Bir33], Birkhoff
states that he started to be interested in the structural aspects of aesthetic perceptionwhile
listening tomusic (mostly classical), almost 30 years previously. He realised that the order,
or pattern, of the tones plays an important role in aesthetic perception of music. He later
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refined these ideas into a theory and applied it to other forms of aesthetic objects (vases,
tiles or polygons – visual art, or poetry – auditory art).

Some sources state that Birkhoff based his theory on thework of aCanadian-American
artist Jay Hambidge, as he formulated it in his bookDynamic Symmetry (1926, Harvard).
This information is given for instance in H. J. McWhinnie’s A Review of Research on Aes-
thetic Measure [McW68]. Birkhoff himself does not name Hambidge as an inspiration;
however, he mentions his name twice in the fourth chapter of the book: Chapter IV:
Vases. On page 67, he quotes Hambidge’s work Dynamic Symmetry of the Greek Vases,
New Haven and New York, 1920, in connection to Greek vases, and then at the end of
chapter The Appreciable Elements of Order, where he discusses properties of vases which
have impact on the order of the aesthetic measure (and at this place, he disagrees with
Hambidge [Bir33, p. 72]).

In our paper, we introduce Birkhoff ’s aesthetic measure using polygons. The reason
is that the majority of contemporary papers focuses on vases, according to Birkhoff ’s
Chapter 4, [Bir33, pp. 67–86]. A modern presentation of the aesthetic measure regarding
polygons has been mostly missing from the literature.

2. The aesthetic measure

According to Birkhoff, the first impulse for his study of the aesthetic quality of ob-
jects in the context of a semi-mathematical theory was the act of listening to music with
reflections on the melody pattern. These reflections were the beginning of work which
was

“… to bring the basic formal side of art within the purview of the sim-
ple mathematical formula defining aesthetic measure” [Bir33, p. viii]

According to Birkhoff, aesthetic experience consists of three primary consecutive
stages:

“… (1) a preliminary effort of attention, which is necessary for the act
of perception, and which increases in proportion to what we shall call
the complexity (C) of the object; (2) the feeling of value or aesthetic mea-
sure (M) which rewards this effort; and finally (3) a realisation that the
object is characterised by a certain harmony, symmetry, or order (O),
more or less concealed, which seems necessary to aesthetic effect.” [Bir33,
pp. 3–4]

Thus the aesthetic quality is in relation to the attention which is required to perceive
the object in its entirety, and is counterbalanced by the notion of order in the object.
The load of attention grows in proportion to the complexity of the object, and therefore
Birkhoff denotes this property by complexity, C, of the object. Order, O, of the object is a
counterbalancing quantity, often found in the forms of harmony or symmetry. Birkhoff
postulates that the aesthetic measure M is the ratio of these two quantities: to preserve a
fixed value of the measure, higher complexity of an object must be counterbalanced by
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an increased order, and conversely, simpler objects require a smaller value of order for
the same effect. More generally, Birkhoff defines the aesthetic measure as a function f of
this ratio:

M = f (O
C

) .

Birkhoff did not elaborate on the specific form of f , and in his work he essentially
identifies f with the identical function.1 As we discuss later, the range of M consists of
rational numbers, with the usual ordering on rational numbers being implicitly used to
order the values of M.2

Birkhoff applies his formula in a general setting, irrespective of themode of perception
(visual, auditory) or of the type of object. In his understanding, the formula is universal
and transferable between art forms. In his book, he gives examples of objects perceived vi-
sually (always plane objects, or objects mapped to a plane), musical objects andmelodies,
and poetry (which he finds similar tomusic in his study). In every area, he delimits a class
of objects, usually a very narrow class, and formulates for them concrete definitions of or-
der and complexity in order to calculateM. The exact definitions of order and complexity
must be chosen carefully to ensure that the resulting M reflects the aesthetic quality of
the object; this choice is considered by Birkhoff as the basic problem in aesthetics [sic!].

The first part of aesthetic experience is the initial exertion which is required to per-
ceive an object. As we stated earlier, this exertion is in proportion to the complexity C
of the object. Birkhoff maintains that the act of perception leading to an aesthetic feeling
necessarily requires a conscious exertion of attention. The amount of this attention corre-
sponds toC. More exactly, the value ofC is the sum of all types of exertions multiplied by
the number of their occurrences. This leads Birkhoff to defining complexity as the num-
ber of units in the object which require a conscious act of attention (e.g. number of tones
in a melody or number of edges of a tile). Complexity has an impact on the resulting
measure M, which is viewed as a reward for the exertion of attention. This relationship
between C and M is counterbalanced by the quantity of order in the object, which can
compensate for a higher complexity.

The orderO in the object is considered to be a conscious part of the aesthetic process.
O is characterised by the pleasant feelings associated with the exertion of attention (cor-
responding to C). In order to determine the value of order in the object, it is necessary
to distinguish two types of associations: formal and connotative.

Formal associations are defined as those associations which are implied by basic prop-
erties of objects, such as symmetry, repetition, similarity, contrast, identity, balance,
repetitive parts, i.e. properties which invoke pleasant feeling in the act of attention, but
also by properties which invoke negative feelings (lack of reward in attention), such as
lack of clarity, unpleasant repetition, inessential imperfection, or dissonance in music.
The value of O is thus the sum of all formal associations multiplied by the number of oc-
currences; formal associations occur in this sum either with the positive sign (pleasant

1 Therefore, in this paper, we use a simplified formula M = O
C .

2 Birkhoff does not specifically discuss this issue, but only mentions some related questions. See the end of
Section 2.2 below.
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associations) or with the negative sign (unpleasant associations). Indifferent associations
have the zero value. Birkhoff specifies concrete associations, and their effect on O, for
various types of objects.

Connotative associations do not take part in determining the aesthetic measure. They
are defined as such associations that are not formal, i.e. which are not implied by a basic
property of the object. Among connotative associations, we can include the usefulness of
polygons mentioned by Birkhoff on page 29, where he states that

“… usefulness corresponds to a connotative factor entirely outside of the
scope of the theory.” [Bir33, p. 29]

Birkhoff does state that every association becomes an element of the order, disregarding
whether it is a formal or a connotative association, but in his definition of the orderO for
the purposes of M he only allows formal associations.

The notions of order and complexity need to be applied in concreteness to a narrow
class of objects to yield a reasonable notion of comparison between these objects. Birkhoff
chooses in the book classes of objects such as polygons, ornaments, tiles, or vases. For
vases, Birkhoff defines the notions of order and complexity for planar cuts intersecting
the axis of a vase, i.e. for planar curves which by rotation draw the contour of the vase
(handles and spouts are not considered). In music, based on specific definitions of C and
O, Birkhoff calculates M for diatonic scales and chords, harmonies and melodies. From
music, Birkhoff finally turns to poetry.

In the next section, we give for illustration of Birkhoff ’s methods more details for one
specific class of objects – polygons.

2.1 Polygons

Birkhoff describes the aesthetic measure of polygons in Chapter II, [Bir33, pp. 16–48].
Polygons are the first class of objects for which he gives details regarding the calculation
of M. At the beginning of the chapter, he states that while polygons are often considered
merely as geometrical objects, they do have an aesthetic quality which can be used to
compare polygons among themselves. As we said earlier, classes of objects for which we
calculate M should be defined as narrowly as possible; for this reason Birkhoff limits his
attention to plane shapes which can be used as tiles. Moreover, he requires that all poly-
gons should have a similar size, and he disregards colours andmaterials. These limitations
should remove as many connotative associations as possible. Birkhoff also eliminates the
role of an observer in order to disregard the role of cultural background or education.
This method allows him to evaluate plane shapes more objectively (but he also disregards
symmetries which may be recognisable only to an educated or experienced observer).

The formula for calculation of M for polygons is defined as follows:

M = O
C

= V + E + R +HV − F
C

,

whereC is the complexity of the polygon,O is the order defined by the vertical symmetry
V , balance E called equilibrium by Birkhoff, rotational symmetry R, horizontal-vertical
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network or grid HV and non-pleasing or unsatisfactory form F. Parallel edges and the
horizontal symmetry are classified as neutral, i.e. they are not included in the computation
ofM. The properties participating in the order are concernedmostly withmovements on
the plane and less with properties which we can call numerical. The numerical properties
are not completely ignored, though. Sometimes they are captured by other properties: for
instance for an equilateral triangle, Birkhoff does not consider the equality of the sides,
but they do have a role in the calculation of possible rotations and symmetries.

The complexity C is defined as the number of lines on which there lie all edges of the
polygon. Note that this is not the same as the number of edges of the polygon (consider
for instance a six-pointed star or the Greek cross).

The vertical symmetry V is considered as a positive property, and therefore is calcu-
lated with the positive sign. An object has the vertical symmetry 1 if it is symmetrical
along the vertical axis. Otherwise the symmetry has value 0.

An overall balance of the object is denoted E and relates to the visual sense of balance,
not necessarily physical balance, and takes values −1, 0, 1. The visual balance is evaluated
according to the position of the equilibrium. The highest value E = 1 is assigned when
the equilibrium of the object lies between the vertical lines crossing the extremal points
of the polygon, and the distance to these lines is at least 1/6 of the horizontal width of the
object. In particular, if V = 1, then E = 1. If the equilibrium lies between the lines, but
in a smaller distance, the value of E is set to be 0. Otherwise the value is −1.

Figure 1: Aesthetic measure from left to right: M = 0.75, M = 0.5 and M = 0.4.3

The quantity R captures the rotational symmetries of the polygon. If there exists a
rotational symmetry, then q denotes the number of possible rotations before the poly-
gon returns to its original position, i.e. 360°

q is the least possible angle of rotation. R is
calculated from q as follows:

R =
⎧
{
⎨
{
⎩

q
2 if (1) there is a rotational symmetry, (2) q ≤ 6, and (*)
3 if (1) there is a rotational symmetry, (2) q > 6, and (*),
1 for other cases if a rotational symmetry exists and q is even,
0 otherwise.

3 This and following figures were created based on the illustrations in [Bir33].
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where (*) means that the polygon itself has a vertical symmetry or the convex hull of the
given polygon has a vertical symmetry and the concave parts of the given polygon do not
adjoin to the vertices of the convex hull.

HV (Horizontal-Vertical grid) is related to the movements of polygons on the plane.
HV is considered as positive if the polygon can be moved vertically and/or horizontally
to a new position while preserving its relative position in the same horizontal-vertical
grid. The value can be 2, 1, 0. Birkhoff defines that HV takes the value 2 if all edges of
the polygon lie in parallel to the vertical-horizontal grid (grid consisting of horizontal
and vertical lines). Typical examples are rectangles, Greek cross or a polygon in the form
of the letter H. If instead of the vertical-horizontal grid, we consider a grid composed
of parallel lines with the same angle with respect to the vertical lines and all edges of the
polygon lie on this grid, we setHV = 1 (a typical example is a diamond, i.e. an equilateral
parallelogrampositioned on its vertex). In addition,HV equals 1 if the polygon is situated
in a vertical-horizontal grid or in a grid consisting of parallels with the vertical line, but
one direction of the edges is diagonal to the gird (or two directions are diagonal to the
grid), or finally if some of the edges are not exactly parallel with the lines in the grid.
Otherwise, we set HV = 0.

Figure 2: The diamond with the aesthetic measure M = 1.

The last quantity participating in O is the non-pleasing (unsatisfactory) form F.
Birkhoff refers to it as the omnium gatherum of all negative elements of the order. F
takes the negative sign, and values 2, 1, 0. To achieve F = 0, the polygon must satisfy the
following conditions:
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(1) There are no distances between vertices, edges and between a vertex and an edge
which are too small. A distance is too small if it is less than 1/10 of the maximal
distance between the vertices of the polygon.

(2) The angles between the edges are not too small (set as less than 20°).
(3) There are no irregularities. This is defined that no movement of a vertex by a

small amount (less than 1/10 of the distance to the nearest vertex) may impact
the values of V ,R or HV .

(4) There are no projecting edges.
(5) There is at most one type of a concave angle.
(6) If we view the vertical and horizontal directions as one direction, then the poly-

gon cannot have more than two types of direction.
(7) There is a symmetry which prevents both V and R from taking the value 0.
The reader may notice vague quantifications “too small” or “small amount” occurring

in three conditions above. It seems that the exact value of “too small” is not very important
for themethod – Birkhoff uses the phrase “… for definiteness we shall demand…”, [Bir33,
p. 41].

If the polygon violates one condition, we set F = 1. If more than one condition fails,
we set F = 2.

Figure 3: A regular six-pointed star positioned on a vertex, with the grid. M = 1.

We illustrate the computation of M with the example of a six-pointed star positioned
on a vertex. ComplexityC equals to the number of lines on which the edges lie, i.e.C = 6.
The star is symmetric along the vertical line, therefore V = 1 and also E = 1. The star can
be rotated by 60°, i.e. q = 6 and R = 3. The star satisfies the condition that the polygon is
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situated in a vertical-horizontal grid or in a grid consisting of parallels with the vertical
line, but two directions of the edges are diagonal to the grid, thereforeHV = 1. The form
is satisfactory, with F = 0. The aesthetic measure of a six-pointed star positioned on a
vertex is therefore:

M = 1 + 1 + 3 + 1 − 0
6

= 1.

2.2 Comparing objects according to their measure

Wewill use the specific example of polygons to determinewhich polygonhas the great-
est value of the aestheticmeasure on the rational line. Birkhoff discusses related questions
in the chapter 30. The Mathematical Treatment of Aesthetic Questions on pages 46–47. A
similar discussion, with minor inaccuracies, can be found in [Bar03].

The complexity C can have many values for polygons, but it is always at least 3. C = 3
if the edges of the polygon lie on three lines, i.e. if the polygon is a triangle. Accord-
ing to [Bir33], the aesthetic measure of a triangle is an element of the following set:
{7/6, 2/3, 0, −1/3, −2/3, −1}, i.e.

M(triangle) ≤
7
6

,

where the greatest value is assigned to the equilateral triangle, with M = 7/6.
In general, we have the following values for polygons: V ≤ 1, E ≤ 1, R ≤ 3, HV ≤ 2,

and F ∈ {0, 1, 2}, and therefore O ≤ 7 and

M(polygon) ≤
7
C

.

For the square, we have C = 4, V = 1, and so E = 1, R = 4/2 = 2, HV = 2, and F = 0,
hence

M(square) = 1.5

We know thatM(triangle) ≤ 7/6, andM(square) = 1.5, and therefore no triangle (i.e.
a polygon with C = 3) can have its measure greater than the square. If C ≥ 5, we get
M ≤ 7/5 = 1.4. The polygon with the greatest measure must therefore be found among
four-edged polygons whose edges lie on 4 lines, with two and two lines being parallel to
each other. This holds only for the square (M = 1.5), a general rectangle (M = 1.25), and
diamond (M = 1). In all other cases, HV = 0 and either V or R are equal to 0, hence
O ≤ 2, and M ≤ 0.5. It follows:

M(polygon) ≤ 1.5,

where M = 1.5 only if the polygon is a square in the upright position.
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Figure 4: Aesthetic measure from left to right: M = 1.5, M = 1.25, M = 7/6, M = 1, M = 1, M = 1.

We have calculated that the square in the upright position is the polygon with the
greatest value of the aesthetic measure. A natural question is whether Birkhoff interprets
this result as saying that the square is the most beautiful polygon.

Since the measure is a function from objects to the rational numbers, the values of
the measure are ordered as rational numbers. Birkhoff does not explicitly say that the
underlying order on the rational numbers should be interpreted as the ordering of the
values of themeasure. However, in some parts of the book he does refer to the ordering of
the rational numbers and relates it to the ordering of the measure (we choose a quotation
concerning polygons):

“… the square in horizontal position has the highest rating of all polygo-
nal forms …” [Bir33, p. 25]

However, he also cautions the reader that

“It follows then as a ’theorem’ that the square with horizontal sides with
M = 1.50 is the best of all possible polygonal forms. Obviously such
mathematical treatment upon the basis of the theory becomes a mere
game if carried too far.” [Bir33, p. 47]

3. The impact of Birkhoff’s work

In the time of publication of Birkhoff ’s book, mathematical community had already
been familiar with Birkhoff ’s search for a simple mathematical formula for the aesthetic
measure, see for instance [Bir29], [Bir31]. Birkhoff was also invited to give lectures on
this topic, for instance on the International Congress ofMathematicians in Bologna, 1928.
Additionally, he was invited to introduce his theory in a four-volume compendium The
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World ofMathematics, edited by J. Newman (1933, with further editions in 1956 and 2003).
The text was publishedwith editor’s preface in section XXI,AMathematicalTheory of Art,
with the titleMathematics of Aesthetics [Bir56]. Today, we can find almost 850 citations of
Birkhoff ’s Aesthetic Measure, not least because of the interdisciplinary character of var-
ious researchers interested in his work. In this paper, we only give references to main
sources which refer to Birkhoff ’s work.

Initially (1930s and 1940s), we mostly find reactions by psychologists. In their papers
they published results of empirical studies and compared themwithBirkhoff ’s theory. Af-
ter an application of themeasure, they usually look for a correlation between the empirical
results and theoretical predictions; the empirical results were primarily obtained using
volunteers who were asked to give their aesthetical preference for the presented objects.
Objects used in the studies were of various forms, including polygons. The results were
usually negative in the sense that the theory of the aestheticmeasurewas not corroborated
empirically. For more information, see for instance [Dav36], [Eys41], [Wil39], [BCP37]
or [Gra55].

A survey of results in psychology aimed at either verifying or refuting Birkhoff ’s the-
ory can be found in A Review of Research on Aesthetic Measure by Harold J. McWhinnie
from 1968 [McW68]. McWhinnie states that psychological studies were not interested
in the aesthetic judgement concerning an object, but rather in the aesthetic preference of
the observer. This seems to be at odds with Birkhoff ’s prerogative to use only properties
of the object itself (formal associations), and disregard subjective preference (connota-
tive associations). Studies based on aesthetic preference run counter to Birkhoff ’s ideas,
and it seems that the negative results of such studies must be re-evaluated carefully. Psy-
chological studies into the ways of quantifying beauty or aesthetics inspired by Birkhoff ’s
aesthetic measure continue into the present, see for instance [BL85] and [PSS13].

Moving away from psychology to theory of information, Birkhoff ’s work has had an
impact in this field as applied in the context of the theory of aesthetics. There are two
influential works in this field from 1960s: a book by Abraham Moles Information Theory
and Esthetic Perception, first published in 1958 and most cited in the English translation
from 1966 [Mol66], and Max Bense’s work summarised in a four-volume workAesthetica
published between 1954 and 1960, and in the book Aesthetica. Einführung in die neue
Aesthetik from 1965.

Abraham Moles (1920–1992) was a French information theorist who studied the rela-
tionship between theory of information and aesthetics, with the focus on the relationship
between theory of perception and psychology. Inspired by Shannon’s mathematical the-
ory of communication, he developed Birkhoff ’s ideas into a theory of information and
aesthetic perception. He redefined Birkhoff ’s aesthetic measure from the ratio of order
O and complexity C to their multiplication O × C. The original notion of order O in
Birkhoff ’s measure takes in Moles’ work the form of low entropy, perceived as redun-
dancy and predictability. High entropy is equated with complexity C, perceived as un-
predictability and non-compressibility.

Max Bense (1910–1990) was a German philosopher who is best known today for his
work in philosophy of science, aesthetics and semiotics. Building onwork of Birkhoff and
Shannon, he focused on physical concepts, with the aim of creating rational aesthetics
stripped of its subjective component. In addition to the emphasis on strictly scientific
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methods, Birkhoff and Bense share the definition of the aesthetic measure as the ratio of
order and complexity.

Works by Bense and Moles, inspired by Birkhoff, led to the research in the field of In-
formation Aesthetics (sometimes also Informational Aesthetics). Information Aesthetics
looks for theoretical foundations of aesthetics, viewed from the point of information and
its amount and quality contained in an object. As in Birkhoff ’s work, the goal is to judge
an object by itself, without a subjective component. Research in Information Aesthetics
is still in progress, see for instance [Gre05], [McC05], [RFS08], [Gal12].

In general, the quantitative study of aesthetic perceptions (see for instance [AC98]) is
often based not only on Shannon’s theory of information, but also on Kolmogorov com-
plexity, see for instance [RFS07]. In contrast to the psychological works from 1930s and
1940s, Birkhoff ’s work is now treated withmore flexibility andwith less stress on the exact
wording of the original text. The emphasis is on the main idea that the aesthetic quality
of an object is connected to the notions of order and complexity. The research into the
computational methods in aesthetics continues, with many papers referring to Birkhoff ’s
work giving various functions and methods for computation of the aesthetic measure
of an object, see for instance [HE10], [Pen98]. Nowadays, an important application of
Birkhoff ’s work lies in the computer-aided design, as in [Cle11].

The field of theoretical aesthetics has had some Czech researchers as well: let us men-
tionT. Staudek [Sta99], [Sta02], R. Kozubík [Koz09], J. Nešetřil [Neš94], [Neš05], [AN01],
[BN07] or previous works of the author [DN09], [DN10].

4. A critical discussion of Birkhoff’s work

Birkhoff ’s work in aesthetics has received approximately 850 citations and continues
to influence various fields of research. Researchers inspired by Birkhoff often develop cer-
tain ideas of his, but seldom provide comprehensive critical analysis of his work. How-
ever, on a closer reading one can identify several types of objections appearing in the
literature; we summarise these below.

As we stated above, after the publication of Birkhoff ’s book, psychologists often set up
experiments designed to corroborate or refute Birkhoff ’s thesis. They were mostly inter-
ested in the aesthetic preference of volunteers (for instance [Dav36], [BCP37], [Wil39],
[Eys41], [Gra55], [McW68], [BL85], and [PSS13]). None of the results verified relevance
of the aesthetic measure, and the results did not correlate. Other critical studies, not
specifically designed to test Birkhoff ’s measure, raised the more general objection of the
aesthetic preference of volunteers not educated in arts being substantially different from
the preference of experts or artists.

Still other papers discussed the appropriateness of themathematical formula itself (for
a summary, see for instance [Gal10]); papers with this focus have appearedmore recently,
originating from information aesthetics or computational aesthetics. They often raised
the objection that the formula M = f (O

C ) seems to measure more an aesthetic efficiency
than the level of aesthetic quality, prefers symmetry over beauty, penalises complexity,
and views order and complexity as opposing notions. This type of critical analysis has
been put forward for the original Birkhoff ’s measure, its modifications, and theories and
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models developed by other researchers (such as A. Moles, M. Bense, D. E. Berlyn, and
others).

Additionally, researchers often raise doubts regarding the validity of the choice of pa-
rameters participating in the application of the formula on the given class of objects,
in particular regarding the computation of order, with the underlying problem of dis-
tinguishing formal and connotative associations (see for instance [Yor]). The very dis-
tinction of formal and connotative associations, strongly defended by Birkhoff, has been
questioned.

We can divide critical reactions into three basic groups which address different com-
ponents of Birkhoff ’s theory and its subsequent development: what quantity is measured
by the aesthetic measure (the question of legitimacy), how is it measured (the question
of method), and what is the relevance of the measure for aesthetics (the question of rele-
vance).

Let us start with the first question. Birkhoff gives the following answer to the question
what is measured in formal aesthetics:

“… the basic formal side of art within the perview of the simple math-
ematical formula …”[Bir33, p. viii]

Thus Birkhoff ’s intention was to objectify aesthetics, to identify formal rules which
would be universally transferable and applicable. After 80 years, Birkhoff ’s original in-
tention is still present in attempts tomodel the aesthetic judgment by formal or computa-
tional methods (for instance computer-aided design). These attempts need to solve sev-
eral problems, technically most challenging being the issue of obtaining valid computer-
generated data (this relates to the search for suitable and empirically corroborated formu-
las and algorithms) and of subsequent analysis of the data, not to mention the underlying
question of the possibility of real-world use of results obtained by such formal methods.

If we accept the legitimacy of an aesthetic measure, we can move to the second ques-
tion, i.e. how to define such a measure. Birkhoff refers to older philosophical works to
defend his idea of defining the aesthetic measure as the ratio of order and complexity,
claiming that these works relate the aesthetic quality of an object to the harmony of the
object, to its unity in variety. It seems that the generalised formulaM = f (O,C), treating
M as a function of two variables, for the computation of the aestheticmeasure is generally
accepted since many researchers do see connection between the aesthetic quality of an
object and the two complementary notions: first notion being usually described as or-
der, structure, redundancy of information, repetition, symmetry, fractal pattern, or low
entropy; the second notion being equated to complexity, unpredictability, high entropy,
and non-compressibility. In addition to the formula, one can also analyse its application,
in particular the choice of parameters which take part in the computation. However, the
distinction of formal and connotative associations has always been viewed as problem-
atic. Birkhoff, as a mathematician, solved this problem for polygons by defining as for-
mal those associations which are determined bymovements of the polygons on the plane,
with the effect on the numerical values regarding vertical and rotational symmetries, or
on the value ofHV which captures the properties of the polygon regarding its position in
a grid. One may ask whether such geometrical properties are culturally transferable and
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whether, and to what extent, they are determined by education and cultural background.
A mathematician, for instance, may find symmetry, rotation or other forms of patterns
more appealing and interesting, and sees them as providing good reward for attention of
perception (in Birkhoff ’s words). However, experiments show that artists, on the other
hand, tend to prefer higher entropy and they are less interested in objects with too many
regular features. It is therefore unclear to what extent we can define in a strictly scientific
way formal associations which are supposed to belong to an object itself. The issue of dis-
tinguishing and defining formal and connotative associations has been widely discussed
not only in papers in computational aesthetics, but also in psychological papers. Related
questions have been studied recently in connection to the information contained in an
aesthetic feeling and information processed in an aesthetic judgement.

Finally, we address the last question of relevance of the measure to aesthetics. In the
papers we have discussed, these questions appear only indirectly, but from the philosoph-
ical point of view they present a major difficulty. It is not only the question of reducing
aesthetics or aesthetic feeling to formal properties of an object, but themore general prob-
lemwhether an aesthetic judgement is composed from individual properties of an object.
Birkhoff ’s measure postulates that an aesthetic information can decomposed into compo-
nents which can be evaluated separately. Research in the field of computational aesthetics
proceeds similarly. Hence, these methods discard not only the subject, but also the inter-
action between subject and object and all other external circumstances. It seems that the
resulting aesthetic judgment or aesthetic preference may be a function of the aesthetic
measure itself: A = g (M, … ), where A is the final aesthetic judgment. It remains to be
seen whether A can be described in more detail and to what extent we can considerM as
an input parameter of an aesthetic judgement.

In conclusion, let us emphasise that in evaluating problematic issues in Birkhoff ’s work
we should not forget his initial assumptions – we do not claim that his theory, or its gen-
eralisations, should solve the whole question of the aesthetic judgement, i.e. we do not
search for TOE – theory of everything in the physical sense. The purpose of the research
is to gain at least a partial understanding of aesthetics using formal methods, even at the
risk of inaccuracies and non-correlation with the subjective notion of aesthetic prefer-
ence. The wide influence of Birkhoff ’s work suggests that his methods do provide such
an insight.
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