296 Original Article

Machine learning model for stage-discharge
curve calculation

Jakub Langhammer*, Miroslav Sobr, Doudou Ba

Charles University, Faculty of Science, Department of Physical Geography and Geoecology, Czechia
* Corresponding author: jakub.langhammer@natur.cuni.cz

ABSTRACT

Stage-discharge relationships (rating curves) are fundamental in hydrology but remain challenging to establish in experimental
catchments, where observations are sparse, irregular, and uncertain. Conventional regression models provide simple and interpret-
able solutions, yet often fail to capture nonlinearities in hydraulically complex environments. Purely data-driven machine learning
(ML) models offer flexibility, but their performance deteriorates under data scarcity and they often produce physically implausible
results. We present a hybrid physics-informed machine learning (PIML) framework that integrates a log-log regression baseline with
residual corrections from Support Vector Regression (SVR) and Multilayer Perceptron (MLP) models. By embedding hydrological
constraints such as monotonicity, non-negativity, and continuity, the framework ensures physically consistent rating curves while
leveraging ML to capture nonlinear deviations. The approach was developed in four contrasting catchments and validated across
20 independent evaluation sites. Results show that both hybrid models outperform conventional regression, with the Hybrid MLP
consistently providing the most accurate and generalizable predictions (median R? and NSE > 0.98) even when calibrated with as
few as 8-15 discharge measurements. The framework is particularly effective in irregular or hydraulically complex basins, while
differences to conventional regression are minimal in stable profiles. These findings demonstrate that PIML enables systematic,
transferable, and reproducible rating curve development under sparse and uncertain data conditions. The framework offers a
practical alternative to subjective or ad hoc methods, advancing discharge estimation in experimental hydrology and supporting
applications in data-limited and hydraulically complex environments.
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1. Introduction

Stage-discharge relationships, often referred to as rat-
ing curves, are a cornerstone of open channel hydrol-
ogy. These curves provide a means to estimate river
discharge based on measurements of water stage,
forming the basis for a wide array of hydrological
analyses, including flood forecasting, water resource
management, and the design of hydraulic infrastruc-
ture. Discharge ratings for gauging stations are usu-
ally determined empirically by means of discharge
measurements made in the field (Kennedy 1984).
Common practice is to measure the discharge of
the stream periodically, usually by current meter or
Acoustic Doppler Current Profiler (ADCP) system in
case of flood events, and to note the concurrent stage.
Measured discharge is then plotted against a concur-
rent stage on graph paper to define the rating curve.
At a new station many discharge measurements are
needed to define the stage discharge relation through-
out the entire range of stage (WMO 2020).

The long-standing development of stage-discharge
estimation has led to a variety of methodological
approaches, from empirical regression models to
physically-based hydraulic simulations. Traditional
techniques for constructing rating curves have pre-
dominantly relied on simple statistical relationships,
such as linear and polynomial regression. These mod-
els are favored for their computational simplicity and
ease of implementation.

The development of robust stage-discharge mod-
eling techniques is particularly important in exper-
imental catchments. Unlike conventional gauging
stations, which are typically maintained by water
agencies under standardized and long-term moni-
toring protocols, experimental profiles are often con-
strained by numerous limitations. Nevertheless, they
represent a critical source of information for hydro-
logical research and water management, particularly
in basins where no other data are available.

Experimental catchments are typically character-
ized by small drainage areas, steep gradients, dynam-
ic flow regimes, and irregular channel morphologies,
but also by challenges in data collection. Measure-
ments are often sparse due to the remote locations,
and acquired irregularly during episodic field cam-
paigns, in different years, using various instruments
and by different surveyors. All these factors contrib-
ute to observational noise and increase the uncertain-
ty of the resulting data.

Although such data are often far from optimal
quality and consistency when compared to standard
hydrometric records, they are typically the only avail-
able observations for the catchments. Their scientif-
ic and practical value, particularly in understanding
hydrological processes in understudied environ-
ments, remains substantial. Therefore, there is a
need to identify and develop modeling approaches
that are both accurate and robust, capable of coping

with irregularities, limited sample sizes, and inher-
ent measurement uncertainties. Such methods must
ensure physical plausibility while allowing generali-
zation across diverse hydrological conditions, making
them suitable for applications in data-scarce, experi-
mental settings.

Conventional regression models, such as pow-
er-law or polynomial fits, often fail to capture non-
linear behavior in irregular channels, leading practi-
tioners to rely on ad hoc corrections (e.g., piecewise
regression, correction factors, localized hydraulic
modeling (Di Baldassarre and Montanari 2009;
Dobrovolski et al. 2022; Kiang et al. 2018).

This niche creates an opportunity for the applica-
tion of machine learning models, which are capable
of learning complex, nonlinear relationships direct-
ly from data and adapting to site-specific conditions
without requiring explicit physical formulations
(Bhasme et al. 2022; Nearing et al. 2021; W. Xu et al.
2024). While ML models offer strong predictive pow-
er and flexibility, they face substantial challenges:

(i) ML model performance under data-sparse con-
ditions. A significant limitation of conventional
ML models is their reliance on large volumes of
high-quality training data, which are typically
unavailable in stage-discharge monitoring, espe-
cially in experimental catchments. For example,
montane basins or experimental watersheds in
remote areas frequently lack the infrastructure
for long-term gauging. To address this, recent
studies have explored regional modeling and data
synthesis techniques (Poulinakis et al. 2023).

(i) Lack of integration of physical laws into ML mod-
els. A persistent issue with black-box ML models
is their disregard for elementary hydrological
principles, such as the monotonic increase of dis-
charge with stage or conservation of mass. Tradi-
tional models impose these physically meaningful
constraints explicitly, whereas many ML mod-
els often fail to enforce them due to their pure-
ly statistical nature. This drawback has driven
the development of PIML modeling approaches,
which embed hydrological knowledge into learn-
ing processes (Bhasme et al. 2022; W. Xu et al.
2024).

(iii) Poor transferability across catchments. ML mod-
els are typically site-specific, limiting their appli-
cability across regions with differing hydrological,
topographic, or climatic characteristics. Although
some attempts have been made to model across
regions using large-sample learning (Kratzert et
al. 2019b), cross-basin generalization remains an
unsolved challenge.

To address these challenges, we propose a PIML
framework for stage-discharge curve estimation, with
the following objectives:

(i) To develop a ML-based model that incorporates
physical constraints relevant to hydrological
processes,
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(ii) To test and validate the model across four hydro-
logically and topographically diverse catchments,

(iii) To benchmark the performance of the proposed
model against conventional regression-based
approaches.

In recent years, the emergence of PIML mod-
els has begun to reshape hydrological modeling
by embedding physical principles into data-driven
frameworks (Feng et al. 2023; Kratzert et al. 2019b).
These approaches address key criticisms of pure-
ly statistical models by constraining predictions to
obey mass conservation, monotonicity, and other
hydrological laws. Applications of PIML in hydrol-
ogy have so far focused primarily on streamflow
prediction in large-sample datasets and ungauged
basins, demonstrating improved robustness and
physical plausibility compared to conventional
machine learning (Bhasme et al. 2022; Esmaeilza-
deh and Amirzadeh 2024). However, their use with
sparse data, such as for rating curve development
in experimental catchments, remains unexplored.

To address the aforementioned challenges, we
developed and tested a physics-informed machine
learning (PIML) model for stage-discharge estimation.
The proposed framework integrates the structure of
conventional rating curve models, used here as a base-
line, with machine learning techniques that enhance
adaptability and robustness to uncertainty. By explic-
itly enforcing key hydrological constraints such as
monotonicity and non-negativity, the model ensures
physically reliable behavior even in irregular or data-
scarce conditions. We propose that physics-informed
machine learning, despite its conventional require-
ment for large datasets, can provide a more system-
atic, objective, and reproducible framework as an
alternative approach for extracting maximum infor-
mation from sparse but high-quality measurements.

To evaluate the model performance and generaliz-
ability, we applied the model across four hydrological-
ly and geomorphologically distinct test catchments: a
steep high-gradient alpine stream in the Tien Shan
Mountains, a mid-latitude montane basin in Central
Europe, a low-gradient small stream in rural land-
scape, and a larger lowland river. These diverse test
cases were selected to reflect the broad range of envi-
ronments in which conventional methods often fail,
providing a validation of model performance. Con-
sequently, the model was applied to a set of 20 inde-
pendent assessment sites in the mid-latitude experi-
mental catchments to verify the model‘s applicability
to real-world conditions.

2. Materials and methods

2.1 Rating curve modeling

Rating curve development is a central task in hydrom-
etry, providing the functional relationship between

river stage and discharge. This relationship may be
derived empirically, from hydraulic theory, or by com-
bining both approaches (Herschy 2019; ISO 2021).

Reliable hydrometric measurements form the basis
of rating curve construction, with erroneous or incon-
sistent observations removed during data screening
to ensure internal consistency (WMO 2010). The
stage-discharge relationship is typically represented
using polynomial, exponential, or piecewise func-
tions, and dividing the curve into height zones is often
necessary to capture regime shifts across flow stages
(Herschy 2019; Lane 1998).

Empirical methods rely on plotting stage-dis-
charge pairs and fitting a smooth curve, but this pro-
cedure is inherently subjective and sensitive to sparse
or noisy datasets. Power-law formulations remain the
standard in operational hydrometry, with parameters
estimated through nonlinear regression (Braca 2008;
Hrafnkelsson et al. 2022). Hydraulic methods, in con-
trast, derive the relationship from physical principles,
for example using Manning’s equation with cross-sec-
tional geometry, slope, and roughness (ISO 2021).
Statistical regression approaches, often based on log-
log transformations, reduce subjectivity and provide
diagnostic measures of model fit (WMO 2010).

In practice, rating curve modeling reflects a trade-
off between empirical fitting and physical reasoning.
Manual and regression-based approaches can repro-
duce observed patterns but often lack robustness
under sparse or uncertain data conditions. Hydrau-
lic approaches ensure physical consistency but
depend on detailed channel information that is not
always available. Traditional regression models may
also struggle in irregular natural channels, where
observed discharges deviate markedly from theoret-
ical assumptions (Ali and Maghrebi 2023; Di Baldas-
sarre and Montanari 2009).

Recent advances in machine learning (ML) provide
alternative strategies for rating curve estimation. ML
algorithms are effective at capturing nonlinear rela-
tionships and handling large, complex datasets (Liu
et al. 2022). However, their application in stage-dis-
charge modeling is constrained by the data-driven
nature of these methods. Direct discharge measure-
ments are often sparse and uncertain, especially in
experimental catchments, which increases the risk
of overfitting and can lead to physically implausible
results (Ali and Maghrebi 2023; Feng et al. 2023; Roe-
lofs etal. 2019; Ying 2019).

2.2 Proposed hybrid physics-informed ML model

2.2.1 Model principles

To address the limitations of both traditional regres-
sion-based rating curves and purely data-driven ML
approaches, we developed a hybrid PIML frame-
work. This approach integrates a theoretical baseline
model with ML-based residual corrections, there-
by preserving physical consistency while capturing
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Fig 1 Principal steps in the design of the hybrid rating curve model.

nonlinear deviations (Feng et al. 2023; Raissi et al.
2019).

The framework consists of two components: (i) a
log-log regression baseline that represents the prima-
ry stage-discharge relationship, and (ii) an ML resid-
ual model trained on deviations between observed
and baseline predictions. By embedding physical
constraints - non-negativity, monotonicity, continu-
ity, and bounded parameter ranges - the approach
ensures hydrological realism while allowing ML to
refine predictions. Final discharges are obtained by
combining baseline predictions with corrected resid-
uals, resulting in smooth rating curves suitable for
operational use (Fig. 1).

ML algorithm is then used for fitting the model to
the real-world distribution, while being trained on
the residuals between the baseline model and the
observed values. The ML residual model is trained
on the deviations between observed discharges and
baseline predictions. To ensure physically consistent
behavior, three constraints are enforced: (i) discharge
remains non-negative, (ii) discharge increases mono-
tonically with stage, and (iii) rating curves are con-
tinuous and site-specific, and (iv) basic shape of the
stage-discharge curve is defined by a theoretical dis-
tribution. These preserve hydrological realism while
allowing the ML model to capture nonlinear devia-
tions. Final predictions are generated by combining
the baseline log-log regression model outputs with
the machine learning residual predictions.

2.2.2 Baseline model

For the selection of baseline regression models, we
considered approaches commonly used in stage-dis-
charge curve reconstruction, namely power law, pol-
ynomial regression, and log-log regression (Herschy
2019; WMO 2010). The log-log regression form has
been shown to be comparatively more robust under

ML model
training

Hybrid
stage-discharge
model

sparse and noisy data conditions, owing to its stabi-
lizing transformation of both variables (Kiang et al.
2018; Le Coz et al. 2014). Baseline model was thus
established through a log-log regression model that
captures the primary relationship between water lev-
els and discharge measurements. This baseline model
follows the form:

Q=expexp (b) x (H - Hp)",

where Q is discharge, H stage, H, a reference stage,
and g, b, fitted parameters.

Parameters are optimized using non-linear least
squares with bounds a € [0.1, 5.0] and the log coeffi-
cient bounded b € [-10, 10], and H, set to 90% of the
minimum observed stage. These constraints prevent
unrealistic scaling while ensuring positive effective
depths. The baseline captures fundamental hydraulic
behavior and provides the physical structure for ML
refinement.

This baseline model captures the primary hydrau-
lic behavior and serves as the physical constraint for
subsequent machine learning corrections, ensuring
that any data-driven improvements operate within a
physically consistent framework rather than attempt-
ing to learn fundamental hydraulic principles solely
from observations.

To extend the single-segment log-log baseline, a
piecewise power-law model was implemented to rep-
resent gradual changes in the slope of the stage-dis-
charge relationship.

The model divides the relationship into several
monotonic segments, each described by its own pow-
er-law parameters, with continuity enforced at the
breakpoints. Model parameters and breakpoint loca-
tions were estimated by nonlinear least-squares fit-
ting in log-transformed space. A configuration of three
connected segments provided adequate flexibility
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while avoiding overfitting, and the model served as
both an independent benchmark and a reference
baseline for the hybrid machine-learning models.

2.2.3 Physics constraints
Physical realism of the model is maintained by enforc-
ing key constraints.

First, monotonicity is enforced to guarantee that
the stage-discharge relationship is non-decreasing.
This is achieved via sorting and validation of the input
data, followed by a post-processing correction with a
tolerance of 0.01 m3/s, leading to curve smoothness.
Non-negativity is ensured by removing non-positive
inputs and constraining predictions to a minimum
discharge of 0.001 m3/s. Continuity is achieved by
interpolating 200 equally spaced points across the
observed stage range, preventing discontinuities in
curve generation.

The energy consistency conservation principle
is preserved by embedding the log-log power-law
formulation, which reflects energy conservation in
open-channel flow and is consistent with Manning’s
equation and open channel hydraulic principles.

2.2.4 Residual modeling with machine learning

Eight ML algorithms were initially tested for residu-
al modeling, representing a range of different meth-
odological families used in hydrological applications
(Kratzert 2019a; Mosavi et al. 2018; T. Xu and Liang
2021). Specifically, the Artificial Neural Networks
(ANN), Multi-Layer Perceptron (MLP), Support Vec-
tor Regression (SVR), Random Forest (RF), K-Near-
est Neighbors (KNN), Gaussian Process (GP), Gradi-
ent Boosting (GB), and Extreme Gradient Boosting
(XGBoost) were tested.

Performance was evaluated using R* and RMSE,
complemented by qualitative assessment of physi-
cal plausibility, since some algorithms may produce
non-monotonic curves under limited training data
(Nearing et al. 2021; Shortridge et al. 2016).

The evaluation was based on observed stage-dis-
charge data from primary test catchments, ensuring
that algorithm performance was tested under data-
poor conditions typical of experimental basins with
variable physiographies. This approach enabled us
to assess both statistical performance and physical
plausibility, which guided the selection of algorithms
for the PIML framework. As a result, two machine
learning models, Support Vector Regression (SVR),
and Multi-Layer Perceptron (MLP) were selected for
implementation in the hybrid model.

To address the systematic deviations from the
baseline predictions, ML models were trained on the
residuals between observed values and baseline pre-
dictions. To ensure physical consistency and non-neg-
ative discharge predictions, the residuals were
log-transformed during the training process. Outlier
removal was performed using the Interquartile Range
(IQR) method to enhance model stability.

Two complementary machine learning approaches,
selected from ML model testing, were implemented
to provide robust evaluation of the physics-informed
framework: Support Vector Regression (SVR) with
Radial Basis Function kernel and Multi-Layer Per-
ceptron (MLP) neural networks. This dual approach
enables comprehensive assessment of different algo-
rithmic families, allowing the data to determine opti-
mal performance rather than assuming superiority of
any particular method. SVR represents kernel-based
learning with strong theoretical foundations for
small datasets, while MLP represents neural network
approaches with proven capability for complex non-
linear relationships.

2.2.5 Data preprocessing and model integration
Preprocessing removed missing or non-physical
values, ensured correct ordering of stage-discharge
pairs, and identified outliers using the interquartile
range method. Residuals were log-transformed with
offsets to handle negative values, then back-trans-
formed for final predictions.
Hybrid predictions were obtained as

QpimL = Ubaseline + Residualsy,

ensuring that baseline hydraulic structure was
preserved while allowing ML to capture systematic
deviations.

Continuous rating curves were generated using
200 equally spaced stage values from the minimum
observed stage to 110% of the maximum, with mono-
tonicity corrections applied selectively to maintain
smoothness. Post-processing includes gentle mono-
tonicity enforcement that selectively corrects only
when Q(i) < Q(I = 1) = 0.01, preserving natural curve
smoothness while maintaining hydraulic principles.
Final predictions are converted back through expo-
nential transformation and offset removal, ensuring
that the original residual scale is preserved while
maintaining numerical stability throughout the
machine learning process.

2.2.6 Model performance evaluation

Model performance was assessed using Coefficient of
Determination (R?), Nash-Sutcliffe Efficiency (NSE),
and Index of Agreement (IoA). Comparisons between
baseline and hybrid models quantified predictive
improvement, while cross-validation across catch-
ments demonstrated robustness under varying phys-
iographic and data conditions.

The computational workflow processes each mon-
itoring station individually through sequential data
loading and validation, model fitting, prediction gen-
eration, and performance assessment. Error handling
safeguarded against insufficient datasets (<10 points),
non-convergence, and numerical instability, ensuring
reliable model performance and consistent results
across diverse sites.
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Model evaluation was restricted to the observed
stage range; no extrapolation beyond the highest
measured stage was performed. The predictive uncer-
tainty of the hybrid rating-curve models was quanti-
fied using a residual-based, non-parametric method
adapted from Kiang et al. (2018). Residuals in log-dis-
charge space were evaluated along the stage axis, and
for each stage, the k nearest observations were used
to derive 5th-95th percentile bounds of the residual
distribution.

These local quantiles were smoothed and applied
to the fitted curves to form 95% prediction intervals,
common in hydrometry (ISO 2020), and providing
a transparent, data-driven estimate of discharge

uncertainty for models without native uncertainty
propagation.

2.3 Study sites and data

The modeling framework was first developed and
evaluated in four contrasting test catchments, rep-
resenting diverse physiographic settings and hydro-
logical regimes: a high mountain basin, a montane
headwater catchment, a hilly agricultural stream, and
a lowland river section (Fig. 2). To assess robustness
and transferability, the approach was subsequent-
ly applied to 20 additional evaluation catchments,
independent from model development, located in the
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Sumava, Kru$né hory, and Krkono$e mountain rang-
es as well as in rural midland and lowland basins of
Czechia.

The primary test sites encompass substantial vari-
ability in natural conditions and hydrological dynam-
ics (Tab. 1). The Adygine catchment (ADY), situated
in the Tien Shan Mountains, Kyrgyzstan, represents a
high-alpine setting with a gauging station at the outlet
of Lake Adygine (Fig. 3a). Its glacial regime produc-
es pronounced daily flow fluctuations. The Rokytka
catchment (ROK), located in the Sumava Mountains,
Czechia, is characterized by a rain-snow runoff regime
with peak flows in spring. The gauging station is posi-
tioned downstream of a tunnel through the dam of
a former reservoir (Fig. 3b). The LuZnice River site
(LUZ), in the Tteboi basin lowlands of Czechia, differs
from the others by scale: the gauging station is situat-
ed on the middle river reach within a wide floodplain,
with a deep channel and very low velocities even at
high flows (Fig. 3c). The Mladoticky Creek site (MLA),
in the hilly agricultural landscape of Western Bohe-
mia, Czechia, is characterized by a rain-snow runoff
regime and an intensively farmed basin. The station is
installed on a stable concrete bridge (Fig. 3d).

Stage-discharge rating curves at these sites were
constructed from direct hydrometric measurements.
Data were collected using a SonTek RiverSurveyor
ADCP, a SonTek FlowTracker velocimeter, and Ott C2
and C31 propeller meters, following ISO 748 guide-
lines for velocity measurements. The resulting dis-
charge data have an estimated uncertainty of 2-5%.
All gauging stations are located at stable river sec-
tions, with repeated measurements confirming rating
curve stability over time.

Between 8 and 32 discharge measurements were
available per station (Tab. 1). The relatively small
sample sizes reflect typical conditions in experimen-
tal catchments, while also highlighting the challenges
of reliably reconstructing rating curves from limited
datasets.

2.4 Hybrid model implementation

Initial testing of baseline regression models indicated
that the log-log formulation provided the most suita-
ble foundation for the hybrid approach. Outliers were
identified using the interquartile range method and
excluded prior to model fitting. Eight machine learn-
ing algorithms were evaluated for residual modeling,
of which Support Vector Regression (SVR) and Mul-
ti-Layer Perceptron (MLP) demonstrated the best
performance. Both were trained on the residuals
between observed discharges and baseline predic-
tions, thereby capturing systematic deviations from
the theoretical relationship.

The SVR implementation employed a radial basis
function kernel with regularization parameter C = 10,
gamma set to “scale” for automatic variance-based
scaling, and epsilon = 0.5 to control tolerance around
the support vectors. These settings were chosen
to balance generalization and curve smoothness, a
requirement for hydraulic applications. The MLP
architecture comprised two hidden layers with
50 and 25 neurons, respectively, and used hyperbol-
ic tangent activation functions to produce smooth,
bounded outputs. Optimization was performed with
the Limited-memory BFGS solver, supported by
L2 regularization (a = 0.01) to reduce overfitting. The

Fig. 3 Variability of physical properties of gauging stations. (a) Outlet from the Adygine lake.Water drains away via a stable bedrock ridge
(riegel), (b) Gauging station of the Rokytka River at the time of maximum water level during the flood situation on December 1, 2015,

(c) LuZnice gauging station site at the time of maximum measured water level, (d) Gauging station of the Mladoticky Creek during period
of increased water level.
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Tab. 1 Basic characteristics of stations in experimental catchments used in the study. Data: Charles University.

Station
code
ADY

. . [AEVEL L] Catchment area
Station name / location
[ma.s.l.] [sg. km]
2.8

Number
Station type* .
AHSHIEYRS of observations
8

Adygine Adygine 3400 T
ANT Antygl Antygl 930 1.6 E 9
BRE Breznicky p. Breznik 1140 3.4 E 14
BYS Bystfice Abertamy 855 11.1 E 15
CER Cerny Nova Hurka 910 15 E 13
CIK Cikdnsky p. catchment outlet 1055 2.2 E 13
CHH Chomutovka Hora 806 8.7 E 17
CHT Chomutovka Tisina 650 21.9 E 11
JAV Javofri p. catchment outlet 1035 14.2 E 20
LOS Losenice Rejstejn 570 53.9 E 13
MLA Mladoticky p. Pfehorov 415 34.2 T 10
MOD Modravsky p. Modrava 991 42.1 E 14
NIV LuZnice Niva 450 935.0 T 15
POP LuZnice Popelnice 720 1.8 E 8
PTA Ptaci p. Ptaci nadri 1130 5.5 E 30
RKL Roklansky p. Modrava 990 47.6 E 32
ROK Rokytka Rokyteckd nadrz 1090 3.9 T 15
SCH LuZnice Suchdol 454 955.0 E 15
SLA Slatinny p. catchment outlet 850 27.7 E 9
SLP Slatinny p. Nové Hamry 755 17.8 E 11
VES LuZnice Nova Ves 475 917.0 E 17
ZLA Zlaty p. Zlaty kopec 770 5.9 E 12

* Station types: T — Primary test site, E — Independent evaluation site.

maximum number of iterations was set to 1000, and a
fixed random state (42) ensured reproducibility.

Model performance was evaluated using multi-
ple criteria, including Mean Squared Error (MSE),
Nash-Sutcliffe Efficiency (NSE), coefficient of determi-
nation (R?), and Index of Agreement (IoA), computed
for both the baseline and hybrid models.

The hybrid model implementation was developed
in Python, relying primarily on the Scikit-learn library
for ML modeling. Statistical procedures and baseline
regression fitting were carried out with SciPy, includ-
ing non-linear least squares optimization and contin-
uous curve generation through interpolation routines.
Additional preprocessing and smoothing were sup-
ported by the scipy.ndimage and scipy.signal modules.
Performance evaluation was conducted with Hydro-
Eval, while visualization was performed using Mat-
plotlib and Seaborn.

3. Results

3.1 Baseline regression models and ML algorithms

3.1.1 Baseline regression models
Based on theoretical assumptions, three regression
models were compared to test the suitability for

rating curve determination: log-log, polynomial, and
power law (Fig. 4).

All three models exhibited a very high level of fit,
with coefficients of determination (R?) exceeding
0.995. However, despite these strong statistical met-
rics, some models produced physically implausible
behavior. In particular, the polynomial regression
curve displayed unrealistic bending in the low-flow
region (Fig. 4c), which may yield ambiguous dis-
charge estimates. This highlighted a key limitation:
performance metrics alone may mask physical incon-
sistencies and should therefore not serve as the sole
criterion for model selection (McMillan and Wester-
berg 2015).

The log-log model demonstrated greater robust-
ness, largely due to the logarithmic transformation
of both variables. This transformation stabilizes the
regression across the full range of observed flows,
enhancing reliability even in small, irregularly shaped
mountain streams where low-flow conditions are
often subject to high measurement uncertainty due
to channel morphology. Nevertheless, log-log models
also have limitations in steep or morphologically com-
plex channels, where step-pool sequences, backwater
effects, or local controls may disrupt the theoretical
monotonic relationship (Herschy 2019; Kiang et al.
2018).
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3.1.2 Machine learning models

The ML algorithms tested for potential integration
into the PIML model revealed two key findings. First,
most models, including Artificial Neural Network
(ANN), Multi-Layer Perceptron (MLP), Support Vec-
tor Regression (SVR), Random Forest (RF), Gradient
Boosting (GB), K-Nearest Neighbors (KNN), Gaussian
Process (GP), and XGBoost (XGB), achieved high val-
ues of statistical performance metrics. However, as
the ML models are trained on a limited set of observa-
tions, most of them resulted in physically unrealistic
rating curves. The high fit achieved by the ML models,
with most algorithms reaching R? values above 0.96
and low RMSE values, was largely the result of mech-
anistic fitting to the data rather than capturing the
underlying principles governing the stage-discharge
relationship. This led to overfitting and unrealis-
tic model behavior, including sharp discontinuities,
non-monotonic segments, and excessive sensitivity to
sparse data points, all of which are inconsistent with
physically plausible rating curves (Mosavi et al. 2018).

This behavior is apparent in the example from
the ROK profile, which contains observations span-
ning the full range of stage values, with a high den-
sity of measurements in the mid-range, a distribu-
tion typical for experimental basins (Fig. 5). GB,
XGB, and GP yielded near-perfect metrics; however,
the exceptionally high fits with R? values approach-
ing 1.0 are more indicative of overfitting than of true
predictive skill (Nearing et al. 2021; Shortridge et al.
2016). RF (R? = 0.940) produced the characteristic
stepwise predictions typical of ensemble tree-based
approaches. KNN, with a similar stepwise fit, was the
weakest performer (R? = 0.598), failing to reproduce
even the basic functional form of the stage-discharge
relationship. ANN achieved a balanced performance
(R? = 0.989) with a realistic curve shape. Based on
the combination of performance metrics and smooth,
physically relevant curves, MLP (R? = 0.997) and SVR
(R%=0.995) were among the best-performing models.
Importantly, the smooth fits achieved by ANN, MLP,
and SVR despite the low number of observations were
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Fig. 4 Stage-discharge reconstruction using conventional regression models for ROK. a) Measured discharges, b) Power Law fit, c) Polynomial

fit, d) Log-log fit.
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possible only after careful optimization of model set-
tings and hyperparameters.

MLP and SVR models, representing neural network
and kernel-based approaches, were therefore select-
ed for integration into a hybrid modeling framework
as representative robust ML methods, combining
empirical flexibility with physical plausibility.

3.2 Hybrid model performance in test
catchments

The hybrid models demonstrated close agreement
with observed stage-discharge relationships, particu-
larly at lower flows where the conventional log-log
transformation often underperforms (Fig. 6). Hybrid
MLP model was the most consistent performer, pro-
ducing rating curves closely aligned with observa-
tions and maintaining physical plausibility (Fig. 6).
Hybrid SVR model achieved similarly strong results
but was slightly less stable in extrapolation ranges.
Both substantially improved on baseline regression,
particularly at low and high flows.

In the ADY basin (n = 8, Fig. 6a), hybrid models
outperformed the baseline at higher discharges, with
MLP achieving the closest fit (R? = 0.983 vs. base-
line R? = 0.976). In ROK (n = 14) and MLA (n = 10,
Fig. 6b-c), all models performed nearly identically,
reflecting hydraulically stable conditions (R* > 0.996).
The NIV basin (n = 12, Fig. 6d) showed the largest
improvement from hybridization: the baseline under-
estimated medium and high flows (R? = 0.897), while
both hybrid models markedly reduced this deviation,
with MLP performing best (R? = 0.996).

Model testing in contrasting environments showed
that the hybrid framework improved the ability to
capture nonlinearities in the rating curves, particu-
larly in the transition from low to high flow regimes.
Both SVR and MLP improved predictive accuracy, with
MLP consistently achieving the highest R values. The
effect of the hybrid models was minimal in hydrau-
lically simple channels (ROK, MLA), but pronounced
in complex environments represented by a highly
dynamic high mountain stream (ADY) or a large low-
land basin (NIV).
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Fig. 6 Observed stage-discharge relationships and model predictions from the baseline log-log regression, hybrid SVR, and hybrid MLP models
across the four experimental basins: (a) ADY (n = 8), (b) ROK (n = 14), (c) MLA (n = 10), and (d) NIV (n = 12).
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Fig. 7 Residuals from the baseline, SVR and MLP models (a) ROK, (b) JAV, (c) CIK, (d) PTA.

Model performance metrics (R? NSE, IoA; Table 2)
confirm the effect of hybrid models on the improve-
ments of the fit. MLP achieved the highest predic-
tive skill (mean R? = 0.9853, mean IoA = 0.9986),
followed closely by SVR (mean R? = 0.9825, mean
[oA = 0.9968), while the baseline log-log model
showed lower accuracy (mean R? = 0.9564, mean
IoA = 0.9913). Basin-specific patterns are consistent:
hybrid models were nearly indistinguishable in MLA
and ROK but produced the largest gains in NIV, and
moderately improved performance in ADY. These
results demonstrate that hybrid models are particu-
larly effective in basins where the stage-discharge
relationship departs from simple log-log behavior,
while in hydraulically stable basins the differences
between models are less pronounced.

Residual plots (Fig. 7) reveal patterns consist-
ent with these findings. In ADY, the baseline model
exhibited systematic positive residuals at low flows
and negative residuals at high flows, which were mit-
igated by both hybrid models. ROK and MLA showed
compact residual distributions with minor differenc-
es among models, while NIV exhibited the greatest
residual spread; hybrid models, particularly MLP,
substantially reduced residual magnitudes at high
flows.

The residual plots (Fig. 7) indicate some degree of
heteroscedasticity across all basins, with residual var-
iance appearing to vary with water level. This pattern
is most evident in the NIV basin, where residual scat-
ter increases at higher water levels, though the hybrid
models help mitigate this effect.

Tab. 2 Model performance metrics by basin and model type, calculated using R2, NSE, and loA metrics.

0.9762 0.9764 0.9831 0.9968 0.9985 0.9986 0.9996 0.9996 0.9997 0.8974 0.9695 0.9958
NSE 0.9762 0.9764 0.9831 0.9968 0.9985 0.9986 0.9996 0.9996 0.9997 0.8974 0.9695 0.9958
oA 0.9943 0.9943 0.9957 0.9992 0.9996 0.9997 0.9999 0.9999 0.9999 0.9777 0.9933 0.9990
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Fig. 8 Observed stage-discharge data and rating curves derived from the log-log baseline, Hybrid SVR, and Hybrid MLP models for
20 independent evaluation catchments.
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Fig. 8 Observed stage-discharge data and rating curves derived from the log-log baseline, Hybrid SVR, and Hybrid MLP models for

20 independent evaluation catchments.

3.3 Hybrid model performance in independent
catchments

The proposed approach was evaluated on 20 inde-
pendent catchments to assess its applicability and
reliability (Fig. 8). Rating curves derived from the
log-log baseline, hybrid SVR, and hybrid MLP mod-
els were compared with observed stage-discharge
measurements.

Across most sites, the Hybrid MLP closely matched
observations, capturing both slope and curvature,
even under sparse measurement conditions. The
Hybrid SVR generally performed well but showed

larger deviations at high or low discharges, while the
log-log baseline reproduced overall trends but tend-
ed to underfit nonlinear relationships in sites with
wide discharge ranges. These results demonstrate
the capacity of the Hybrid MLP to generalize the
stage-discharge relationship across diverse physio-
graphic and hydrological settings.

In addition to model performance, the predictive
uncertainty of the hybrid MLP curves was assessed
using residual-based quantile envelopes (Fig. 8). The
shaded envelopes indicate 95% prediction intervals,
typically narrowing in the central stage-discharge
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Fig. 9 Distribution of relative discharge uncertainty (x%, 90%
prediction interval) across all catchments, grouped by flow terciles.

domain and widening toward the high-flow range.
The hybrid MLP reproduces both slope and curvature
of the stage-discharge relationship across diverse
hydrological conditions, while maintaining narrow
uncertainty envelopes for most of the observed range.
The widening of prediction intervals toward high
stages reflects the limited availability of extreme-flow

Distribution of R?

measurements and the increased extrapolation uncer-
tainty typical of rating-curve applications.

The corresponding summary of relative uncertain-
ty across flow categories (Fig. 9) shows that median
uncertainty decreases from low- to high-flow condi-
tions, with median values typically below #25% for
mid- and high-flow regimes, indicating consistent
predictive stability of the hybrid MLP model across
varying flow conditions. The systematically high-
er uncertainty at low flows highlights the influence
of measurement noise and channel-bed variability,
emphasizing the importance of representative low-
stage gauging when calibrating machine-learning rat-
ing curves.

Distribution of model performance metrics by sta-
tion (Fig. 10) indicate high goodness of fit for all mod-
els, with median R? and NSE above 0.99. Nevertheless,
the Hybrid MLP showed the narrowest variability and
the highest consistency, while Hybrid SVR exhibited
wider variation, and the log-log baseline displayed the
lowest median performance and broader spread, par-
ticularly at low-performance tails (Fig. 10).

All models achieved high median values (R* ~ 0.99,
NSE = 0.98, I0A = 0.99), their variability revealed dif-
ferences in robustness (Tab. 3). The log-log baseline
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Fig. 10 Distribution of (a) Rz and (b) NSE model performance values for the log-log and piecewise baseline, Hybrid SVR,

and Hybrid MLP models across 20 independent evaluation catchments.
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Tab. 3 Performance metrics for the baseline, hybrid MLP, and hybrid SVR models in 20 independent assessment catchments.

e ] we | e | standarddeviaton

Metrics

median [ min median max min median max min R2 NSE loA
Hybrid MLP 0.9926 | 0.9997 | 0.8812 | 0.9926 | 0.9997 | 0.8812 | 0.9982 | 0.9999 | 0.9690 | 0.0343 | 0.0343 0.009
Lﬂyobdr;e; SVR 0.9901 | 0.9996 | 0.8929 | 0.9901 | 0.9996 | 0.8929 | 0.9975 | 0.9999 | 0.9718 | 0.0360 | 0.0360 0.009
log-log Baseline 0.9899 | 0.9996 | 0.4669 | 0.9899 | 0.9996 | 0.4669 | 0.9975 | 0.9999 | 0.8929 | 0.1182 | 0.1182 0.024
Piecewise
Baseline 0.9899 | 0.9996 | 0.4673 | 0.9899 | 0.9996 | 0.4673 | 0.9975 | 0.9999 | 0.8930 | 0.1182 | 0.1182 0.024

showed the largest spread (std R = 0.1182) and
lowest minimum performance (min R* = 0.467),
indicating underfitting in catchments with nonline-
ar behavior. This comparison also revealed virtual-
ly identical results between the single-segment and
three-segment log-log models (mean ANSE < 0.001,
AR? < 0.0001), indicating that the additional break-
points did not improve the fit within the observed
range (Tab. 3). Both hybrid models reduced perfor-
mance variability (std R? = 0.034-0.036), with the
MLP achieving the highest median values and nar-
rowest spread, highlighting its generalizability. Max-
imum metrics were similar across all models, show-
ing accurate fits in well-behaved catchments, while
differences emerged primarily in complex or extreme
stage-discharge conditions.

Analysis of best-performing models per station
(Fig. 11), based on R? showed that the Hybrid MLP
achieved the highest performance in 14 out of 20
catchments. The Hybrid SVR model achieved the
highest performance in four catchments, while the
baseline log-log and piecewise models achieved the
highest performance in one catchment each.

4. Discussion

4.1 Effect of sample size on model performance

Our results show that hybrid PIML models perform
reliably even with sparse calibration data, challenging
the assumption that large datasets are essential. The
Hybrid MLP, in particular, consistently outperformed
both SVR and the log-log baseline across most sta-
tions. This highlights the framework’s potential for
experimental catchments where only 8-15 discharge
measurements are typically available.

Specifically, hybrid MLP performed best at 15 out
of 20 stations, while hybrid SVR performed best at
4 stations, and the log-log baseline model performed
best at only 1 station.

These results demonstrate that ML-based
approaches, particularly the Hybrid MLP, can provide
accurate rating curve estimates and high NSE and R?
values even with sparse calibration data (Fig. 12).
The Hybrid MLP showed consistently strong perfor-
mance regardless of the number of calibration points,
indicating robustness under data-scarce conditions.
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Fig. 11 Number of stations where each model achieved the highest R2.

e .

Piecewise Baseline

1

Log-Log Baseline



312 Jakub Langhammer, Miroslav Sobr, Doudou Ba
Data Points vs. R2 for all Models
1001 o g8 g9, s .
o
0.95 4
% 0.90 4 1 P ®
& v
0.85 A
0.80 - R? MLP
R? SVR
@ R?Piecewise
@ R?Baseline
0.75 T T T T T T
9 12 15 18 21 24

Number of Data Points
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In contrast, the Hybrid SVR and the log-log baseline
exhibited greater variability, especially when fewer
than 12 observations were available.

While the number of data points influences perfor-
mance, the accuracy of the underlying hydrometric
observations exerts a stronger control. Poor-quality
data characterized by noise or systematic errors can-
not be compensated for by algorithmic sophistication.

The MLP outperformed SVR despite the latter’s
theoretical advantages for small datasets. This high-
lights the importance of empirical evaluation in phys-
ics-informed modeling. While SVR’s margin-based
learning and kernel methods are often recommended
for limited data scenarios, the smooth and continuous
relationships required by hydrological rating curves,
appear better suited to the MLP architecture. This
emphasizes that algorithm selection in physics-in-
formed ML should prioritize alignment with the phys-
ical characteristics of the system rather than general
assumptions about small-data performance.

4.2 Applications of the hybrid model

Hybrid machine learning (ML) models show particu-
lar promise for rating curve development in situa-
tions where conventional approaches fail or require
extensive manual postprocessing. ML component
offers robustness and capability to capture complex,
nonlinear relationships that traditional methods may
struggle to represent (Liang et al. 2023). This can be
beneficial in cases where stage-discharge relation-
ships vary due to differences in channel morphol-
ogy, bed roughness, or flow conditions (Feng et al.
2023).

Our results demonstrate that systematic, phys-
ics-informed methods can extract meaningful rela-
tionships even from datasets that would be consid-
ered inadequate for traditional ML applications.
While hybrid approaches cannot compensate for
deficiencies in observation quality or coverage, they
contribute in several important ways:

(i) Objective methodology: By replacing subjective
manual curve fitting with a standardized proce-
dure, hybrid models provide reproducible results
that reduce practitioner bias.

(ii) Maximum information extraction: Combining
physical constraints with flexible learning algo-
rithms allows greater use of limited data than
purely empirical or purely physical models.

(iii) Transferability: The consistent methodology sup-
ports comparative hydrology by enabling applica-
tion across diverse catchments.

These characteristics make hybrid models attrac-
tive for several hydrometric contexts. Hybrid mod-
els, particularly those using nonlinear algorithms
such as multi-layer perceptrons (MLPs) or support
vector regression (SVR), can better capture complex
stage-discharge relationships (Mosavi et al. 2018).
PIML models are likewise useful in rivers with high
flow variability, turbulence, or backwater effects,
where strong nonlinearities reduce the performance
of traditional rating curves (Di Baldassarre and Mon-
tanari 2009). Hybrid models can also integrate data
from different instruments with varying levels of
precision that would otherwise degrade predictive
accuracy.

Applications extend to long-term records, where
channel morphology may evolve over time. Finally,
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hybrid models hold potential for reconstructing his-
torical records from sparse or fragmented observa-
tions. By combining physically plausible baseline
functions with ML corrections, they provide more
robust reconstructions than either method alone
(Belitz and Stackelberg 2021).

4.3 Limitations and future directions

Despite its advantages, this study remains a proof-
of-concept rather than a definitive framework for
physics-informed ML in rating curve modeling. A key
limitation is the black-box nature of the ML compo-
nent: unlike physically based or empirical models, its
internal decision processes are opaque, which reduc-
es interpretability and complicates transferability in
operational contexts (Beven 2019).

Model performance also depends strongly on data
quality and quantity. Sparse or noisy observations,
typical of experimental catchments, increase the risk
of overfitting and poor generalization (Huntingford
et al. 2019). The small datasets in this study (8-30
measurements per site) highlight these constraints,
limiting statistical inference about algorithm superi-
ority. Nonetheless, within such conditions, the hybrid
framework offers a systematic and reproducible alter-
native to subjective manual fitting while embedding
essential physical constraints.To mitigate these chal-
lenges, recent research advocates physics-informed
ML (Raissi et al. 2019), embedding physical laws such
as conservation principles or monotonicity directly
into model structures.

Future research should advance physics-informed
ML by developing uncertainty quantification methods
tailored to small-sample hydrology, testing perfor-
mance on controlled synthetic datasets, and defining
evidence-based guidelines for minimum data require-
ments. Integrating auxiliary information, such as
hydraulic modeling or remote sensing, could further
enhance model robustness under data scarcity.

Hybrid rating curve models therefore represent
a promising alternative to conventional approach-
es, particularly in basins with irregular morphology,
dynamic flow regimes, heterogeneous measurements,
or evolving channels. Their strength lies in combining
physical principles with flexible learning, but reliable
application will require continued attention to data
quality, constraint design, and rigorous evaluation.
Beyond the data-driven focus of this study, physical-
ly based Bayesian frameworks such as BaRatin (Le
Coz et al. 2014; Kiang et al. 2018) demonstrate how
hydraulic principles and uncertainty quantification
can be jointly incorporated in rating-curve mode-
ling. Implementing such models requires detailed
cross-sectional and control-type information that was
beyond the scope of our dataset, but their concepts
are highly complementary to the machine-learning
approaches tested here. Future work will therefore
explore hybrid Bayesian-ML strategies that combine

the interpretability and uncertainty propagation in
tools such as BaRatin with the flexibility and general-
ization capacity of machine-learning models.

5. Conclusions

This study demonstrates that physics-informed
machine learning (PIML) provides a systematic
framework for developing reliable stage-discharge
relationships under the data constraints typical of
experimental catchments. By combining a physically
based log-log baseline with machine learning resid-
ual corrections, the approach ensures monotonicity,
non-negativity, and continuity while enhancing pre-
dictive skill. While acknowledging the constraints
imposed by small sample sizes, the results show that
the hybrid model consistently improves on conven-
tional regression approaches, particularly in basins
with irregular morphology or high measurement
uncertainty.

Among the tested algorithms, the Hybrid MLP
proved the most robust and generalizable across
diverse hydrological settings, performing best at
the majority of sites. The Hybrid SVR also delivered
strong results and showed comparative advantag-
es in highly irregular environments, suggesting that
algorithm choice may be guided by site-specific con-
ditions. In contrast, the traditional log-log regression
performed best only in hydraulically simple profiles,
highlighting the benefits of hybridization where non-
linearities dominate.

The strength of the proposed framework lies not in
maximizing statistical fit with limited samples, but in
providing a reproducible and physically constrained
methodology that reduces the subjectivity of manual
curve fitting. This makes it particularly relevant for
experimental hydrology, where discharge estimation
is often based on sparse, heterogeneous, and uncer-
tain observations.

The MLP model demonstrated best overall per-
formance (median R? and NSE > 0.98), achieving
best results at 15 out of 20 evaluation sites, while the
SVR model performed best at 4 sites, and the log-log
baseline at only one site. Statistical analysis confirms
MLP‘s consistency, with lower variability in perfor-
mance metrics and higher median values across all
metrics.

Limitations remain, notably the dependence on
the quality of available hydrometric data and the
limited interpretability of the machine learning com-
ponents. Nevertheless, the approach establishes a
proof-of-concept for integrating physical principles
with data-driven learning in rating curve develop-
ment. Future work should focus on refining uncer-
tainty quantification, testing transferability under
changing channel conditions, and integrating auxilia-
ry data sources such as hydraulic modeling or remote
sensing.
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By bridging physics-based principles and machine
learning techniques, this framework offers experi-
mental hydrology a practical tool for objective and
transferable rating curve development, extending the
scope of reliable discharge estimation in data-scarce
and hydraulically complex environments.
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